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Abstract
The simplest consequences of the common E11 symmetry of the eleven dimensional, IIA
and IIB theories are derived and are shown to imply the known relations between these
three theories.
1
1. Introduction
It has been argued that eleven dimensional supergravity [1] when suitably extended
possess a non-linearly realised E11 symmetry [2]. Furthermore, both the IIA supergravity
[3] and IIB supergravity theories [4,5], when suitably extended, should also possess a non-
linearly realised E11 symmetry [2,6]. As explained below, the three different theories arise
from the same underlying algebra due to the different possible embeddings in E11 of the
sub-algebras that describe gravity [2,6]. Their common E11 symmetry can be exploited to
find explicit relations between the eleven dimensional, IIA and IIB non-linearly realised
theories [7]. Indeed, one can find a one to one correspondence between the fields that
occur in any two of these three theories providing a very concrete idea of what M theory
actually is [7]. In this paper we derive the simplest of these relations which are those
that involve fields that are associated with the Cartan sub-algebra of E11. We recover the
known relations between the eleven dimensional, IIA and IIB theories, when dimensionally
reduced on a suitable torus, in a simple way. Originally these relations were found by using
a mixture of string and solitonic properties [8,9,10,11,12,13], but we will show that they
follow from the way the sub-algebra associated with the gravity sectors of the different
theories are embedded in E11. We also give an example of how the correspondence works
for a field not associated with the Cartan sub-algebra and derive the effect of the Weyl
transformations of the E+++8 theory for the IIA and IIB theories.
A Kac-Moody algebra is specified by its Cartan matrix Aab which by definition must
satisfies the following properties:
Aaa = 2, (1.1)
Aab for a 6= b are negative integers or zero, (1.2)
and
Aab = 0 implies Aba = 0 (1.3)
The index range a, b = 1, . . . , r where r is the rank of the Kac-Moody algebra. The Kac-
Moody algebra is formulated in terms of its Chevalley generators denoted by Ha, Ea, Fa,
a = 1, . . . , r which obey the Serre relations;
[Ha, Hb] = 0, [Ha, Eb] = AabEb, [Ha, Fb] = −AabFb, [Ea, Fb] = δabHa, (1.4)
and
[Ea, . . . [Ea, Eb] . . .] = 0, [Fa, . . . [Fa, Fb] . . .] = 0 (1.5)
In equation (1.5) there are 1 − Aab Ea’s in the first equation and the same number of
Fa’s in the second equation. Given the Cartan matrix Aab, one can construct the Kac-
Moody algebra by taking the multiple commutators of the Ea’s, and separately the Fa’s,
subject to the above Serre relations. We recognise the Ha generators as those of the
Cartan sub-algebra and the Ea’s (Fa’s) as the generators of the positive (negative) simple
roots, hence, a Kac-Moody algebra is uniquely specified by its Cartan matrix Aab which
is also encoded in its Dynkin diagram. For the case when all the simple roots are of equal
length, the Dynkin diagram consists of r dots labeled a = 1, . . . , r with −Aab lines between
nodes labeled a and b. The Cartan matrix can be expressed in terms of the simple roots
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αa as Aab = 2
(αa,αb)
(αa,αa)
. Although the construction of the Kac-Moody algebra is simple
in theory, in practice it is difficult and the generators are not known explicitly for any
Kac-Moody algebra except those that are affine, finite dimensional or for certain special
algebras associated with string theory.
We invite the reader to draw the Dynkin diagram of E11 by drawing ten nodes con-
nected together by a single horizontal line. We label these nodes from left to right by the
integers one to ten and then add a further node, labeled eleven, above node eight and at-
tached by a single vertical line. This algebra is just one of a special class of algebras, called
very extended algebras, which were studied in [14]. One begins with the Dynkin diagram
of any finite dimensional semi-simple lie algebra G, and adds the affine node to find the
affine algebra G+. One then adds a further node (called the extended node) attached to
the affine node by a single horizontal line and finally yet another node (called the very
extended node) attached to the extended node by a single horizontal line. One denotes
the very extended algebra by G+++. Hence, we also denote E11 as E
+++
8 .
As the reader may readily verify, any Kac-Moody algebra is invariant under the Cartan
involution which acts on the Chevalley generators as Ea → −Fa, Fa → −Ea, Ha → −Ha.
The sub-algebra that is invariant under the Cartan involution is then generated by Ea−Fa.
We note that this sub-algebra contains none of the generators Ha of the Cartan sub-algebra
of the Kac-Moody algebra.
We now give a brief exposition of non-linear realisations so that the reader may appre-
ciate the more general setting, although much of this is not required later on in the paper.
A non-linear realisation is specified by an algebra together with a chosen local sub-algebra.
In the case of interest in this paper these are E+++8 and, essentially, the Cartan invariant
sub-algebra respectively. The non-linear realisation is then just a theory which is invariant
under g → g0gh where g and g0 belong to the group and h to the local subgroup and also
g and h are local. The meaning of local depends on how one encodes space-time and we
refer the reader to reference [19] for a recent discussion of this point for the theories being
considered here. However, in the conventional applications of non-linear realisations, and
in essence also here, it means that g and h, unlike g0, depend on space-time. In general
these invariances are not sufficient to determine the theory uniquely, but if the local sub-
algebra is large enough it they do. The local transformations allow one to choose g in the
form g = exp(
∑
A ·R) where the sum is over all generators of the algebra that are not in
the local sub-algebra and their coefficients are the fields of the theory. In our case, g then
contains all the generators of the Borel sub-algebra of E+++8 .
So little is known about Kac-Moody algebras that it is difficult to calculate the general
properties of a non-linear realisation based upon them. However, by setting to zero all the
fields of the non-linear realisation, except those associated with the Cartan sub-algebra,
the group element takes the very simple form
g = exp(
∑
a
qaHa) (1.6)
The fields qa are then the only fields of the theory. Provided one restricts ones attention
to operations that preserve the Cartan sub-algebra it is then essentially trivial to examine
the consequences. Such is the case for Weyl transformations. Indeed, these were consid-
ered in just such a setting for the E+++8 non-linear realisation appropriate to the eleven
3
dimensional theory and the Weyl transformations were shown [15] to be are none other
than the U-duality transformations [18].
The algebra G+++ contains a GL(D) sub-algebra, with generatorsKab, a, b = 1, . . . , D
which leads in the non-linear realisation to the gravity sector of the resulting theory where
D is the dimension of the space-time of the theory. The AD−1, or SL(D), part of this
sub-algebra is obtained by taking D − 1 dots of the Dynkin diagram of G+++ which are
connected to the very extended node, i.e. selecting an AD−1 sub-Dynkin diagram which
contains as an extreme node the very extended node. As we shall see, there is more than
one way to do this in general and these lead to different physical theories. The part of
the group element of G+++ which contains the generators of the preferred sub-algebra is
of the form exp(
∑
a≤b ha
bKab) and carrying out the non-linear realisation one finds that
the vierbein eµ
a is identified with eµ
a = (eh)µ
a, where in this last equation, we treat h as
a matrix [2,16]. This Gl(D), or in some cases the SL(D), sub-algebra is referred to as the
gravity sub-algebra and the D − 1 dots of the Dynkin diagram of G+++ which belong to
the SL(D), or AD−1, sub-algebra are referred to as the gravity line.
The eleven dimensional, IIA and IIB theories all have an underlying E+++8 , but they
are distinguished by their different gravity sub-algebras. The eleven dimensional theory
must possess an A10 gravity algebra and there is only one such algebra. We must choose
the gravity algebra to be the A10 sub-Dynkin diagram that consist of nodes labeled one to
ten. That is it is found by deleting node eleven in the E+++8 Dynkin diagram [2].
The IIA and IIB theories are ten dimensional and so to find these theories we seek an
A9 gravity algebra. Looking at the E
+++
8 Dynkin diagram there are only two ways to do
this. Starting from the very extended node we must choose a A9 sub-Dynkin diagram, but
once we get to the junction of E+++8 Dynkin diagram, situated at the node labeled 8, we
can continue along the horizontal line with two further nodes taking only the first node to
belong to the A9, or we can find the final A9 node by taking it to be the only node in the
other choice of direction at the junction. These two ways correspond to the IIA and IIB
theories respectively. Hence, in the IIA theory we take the gravity line to be nodes labeled
one to nine inclusive while for the IIB theory the gravity line contains nodes one to eight
and in addition node eleven [2,6].
The gravity sub-algebra is such that Kaa, a = 1, . . . , D are part of the Cartan sub-
algebra of E+++8 . For the eleven dimensional theory, these eleven generators span the
Cartan sub-algebra and so one can also write the group element of equation (1.6) in the
form
g = exp(
11∑
a=1
ha
aKaa) = exp(h
TK) (1.7)
In the second equation we have used matrix notation whose meaning should be clear. The
relationship between the Chevalley generators Ha and the physical generators K
a
a can be
written in matrix form as K = ρH. It is given by [2]
Ha = K
a
a−K
a+1
a+1, a = 1, . . . , 10, H11 = −
1
3
(K11+. . .+K
8
8)+
2
3
(K99+K
10
10+K
11
11).
(1.8)
4
We also record the relations
Ea = K
a
a+1, a = 1, . . .10, E11 = R
91011, (1.9)
between the Chevalley generators Ea and the simple root generators of SL(11) and the
generator Ra1a2a3 which is responsible in the non-linear realisation for the introduction of
the gauge field Aa1a2a3 of the eleven dimensional supergravity theory. Hence, keeping only
fields associated with the Cartan sub-algebra implies keeping only the diagonal parts of
the metric and, as we will see below for the IIA and IIB theories, also the dilaton field.
The form of the Ha of equation (1.8) can essentially be determined given that they
must obey equation (1.4) with the Cartan matrix of E+++8 , together with the knowledge of
the simple roots generators of equation (1.10) and that tensors, such as Ra1a2a3 , transform
in the obvious way under GL(11), i.e. [Kcd, R
a1a2a3 ] = δa1d R
ca2a3 + δa2d R
ca3a1 + δa3d R
ca1a2 .
We denote quantities in the IIA and IIB theories with a tilde and hat respectively. For
these theories the Cartan sub-algebra of the gravity sub-algebra, i.e the K˜aa, a = 1, . . . , 10
for the IIA theory and the Kˆaa, a = 1, . . . , 10 for the IIB theory, account for only ten of
the eleven generators of the Cartan sub-algebra of E+++8 . The final commuting generator
is associated with the dilaton which appears in the IIA and IIB theories. We denote this
generator by the symbol R and the dilaton by A with appropriate tildes or hats. As such,
for the IIA theory the E+++8 group element of equation (1.6) can be written in terms of
the physical generators in the form
g˜ = exp(
10∑
a=1
h˜a
aK˜aa) exp(A˜R˜) = exp(h˜
T K˜) (1.10)
In the second equation we have used matrix notation for which h˜ is a column vector
whose first ten components are h˜a
a, a = 1, . . . , 10 and whose eleventh component is A˜ and
similarly K˜ has its first ten components as K˜aa and eleventh component R˜. The Cartan
sub-algebra generators Ha of E11 and the physical generators K˜
a
a, a = 1, . . . , 10 and R˜
are related by H = ρ˜K˜ which is given by [2]
Ha = K˜
a
a − K˜
a+1
a+1, a = 1, . . . , 9, H10 = −
1
8
(K˜11 + . . .+ K˜
9
9) +
7
8
K˜1010 −
3
2
R˜,
H11 = −
1
4
(K˜11 + . . .+ K˜
8
8) +
3
4
(K˜99 + K˜
10
10) + R˜. (1.11)
While the Ea Chevalley generators of E
+++
8 are given in terms of IIA generators by [2]
Ea = K˜
a
a+1, a = 1, . . . , 9, E10 = R˜
10, E11 = R˜
910. (1.12)
The fields associated with the generators R˜a and Rab in the non-linear realisation are the
one form and two form fields of the IIA supergravity theory.
Equating the Chevalley generators Ha of equations (1.8) and (1.11) we find that the
generators in the physical basis of the eleven dimensional and IIA theory are related by [2]
Kaa = K˜
a
a, a = 1, . . . , 10, K
11
11 =
1
8
10∑
a=1
K˜aa +
3
2
R˜ (1.13)
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For the IIB theory, the generators Kˆaa, a = 1, . . . , 10 and Rˆ span the Cartan sub-
algebra of E+++8 and so the group element of equation (1.6) can be expressed as
gˆ = exp(
10∑
a=1
hˆa
aKˆaa) exp(AˆRˆ) = exp(hˆ
T Kˆ) (1.14)
In the second equation we have used matrix notation for which hˆ is a column vector
whose first ten components are hˆa
a, a = 1, . . . , 10 and whose eleventh component is Aˆ
and similarly Kˆ has its first ten components as Kˆaa and eleventh component Rˆ. The
relationship between the Cartan sub-algebra generators Ha of E
+++
8 and the physical
generators Kˆaa, a = 1, . . . , 10 and Rˆ can be written in the form H = ρˆKˆ and it is
explicitly given by [6]
Ha = Kˆ
a
a − Kˆ
a+1
a+1, a = 1, . . . , 8, H9 = Kˆ
9
9 + Kˆ
10
10 + Rˆ −
1
4
10∑
a=1
Kˆaa,
H10 = −2Rˆ, H11 = Kˆ
9
9 − Kˆ
10
10 (1.15)
The Chevalley generators Ea of E
+++
8 , as they appears in IIB theory are given by [6]
Ea = Kˆ
a
a+1, a = 1, . . .8, E9 = Rˆ
910
1 , E10 = Rˆ2, E11 = Kˆ
9
10. (1.16)
The fields associated with the generators Rˆab1 and Rˆ2 are the NS-NS two form and the
axion, χˆ of the IIB theory. The last equation reflects the fact that the node labeled eleven
is the last node in the IIB gravity line.
Equating the Chevalley generators Ha of equations (1.8) and (1.15) we find that the
generators in the physical basis of the eleven dimensional and IIB theory are related by [7]
Kaa = Kˆ
a
a, a = 1, . . . , 9, Kˆ
10
10 =
1
3
9∑
a=1
Kaa−
2
3
(K1010+K
11
11), Rˆ = −
1
2
(K1010−K
11
11)
(1.17)
For completeness we note the relationship between the IIA and IIB physical generators;
Kˆaa = K˜
a
a, a = 1, . . . , 9, Kˆ
10
10 =
1
4
9∑
a=1
K˜aa −
3
4
K˜1010 − R˜,
Rˆ =
1
16
9∑
a=1
K˜aa −
7
16
K˜1010 +
3
4
R˜, (1.18)
We note that the generator corresponding to the node labeled ten in the eleven di-
mensional theory is K1011 and so is associated with the exchange of the ten and eleven
space-time coordinates, while in the IIB theory it is Rˆ2 which is the non-perturbative part
of the SL(2,Z) symmetry of the IIB theory.
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2. Relations between the eleven dimensional, IIA and IIB theories
As explained in reference [7], the common E+++8 origin of these three theories implies
a one to one correspondence between the fields of the three theories. In particular, any
field in the non-linearly realised IIB theory arises in the group element as the coefficient of
a particular generator which is in the Borel sub-algebra of E+++8 , however, the generators
of E+++8 are essentially unique and so we can identify this generator from the viewpoint
of the eleven dimensional theory. For example, the component graviton field hˆ9
10 of the
IIB theory is associated with the generator Kˆ910 which is equal to the Chevalley generator
E11 of E
+++
8 . However, from the eleven dimensional perspective this Chevalley generator
is equal to the generator R91011 that is associated with the field A91011 which is one
component of the third rank anti-symmetric field of the eleven dimensional supergravity
theory. In this section, we will find these correspondences at the simplest possible level.
2.1 The correspondence between the eleven dimensional and IIA theories
To find the correspondence for the Cartan sub-algebra we simply equate the two
group elements in the eleven dimensional and IIA theories of equations (1.7) and (1.10)
respectively;
g = g˜ or exp(
11∑
a=1
ha
aKaa) = exp(
10∑
a=1
h˜a
aK˜aa) exp(A˜R˜). (2.1)
Using equation (1.13), we conclude that
h˜a
a = ha
a +
1
8
h11
11, a = 1, . . . , 10, A˜ =
3
2
h11
11 (2.2)
We expect these relations to hold even if one does not carries out dimensional reduction
of the theory on a torus, but then one must also carry out a corresponding exchange
of the generalised coordinates [17]. However, if we do dimensionally reduce some of the
dimensions on a torus then it is useful to change to the variables
ha
a = ln
Ra
lp
, a = 1, . . . , 11 (2.3)
where lp is the eleven dimensional Planck scale. We note that in the group elements used
to construct the non-linear realisation the fields are dimensionless and so the resulting part
of the action in D space-time dimensions that has two space-time derivatives is multiplied
by l
−(D−2)
p . In particular, we will apply the change of variable to the constant background
part of the fields. For a rectangular torus, the coordinate and parameterisation invariant
length of its cycle in the a direction is lp
∫
ea
adxa = Ra.
Similarly we introduce the analogous IIA variables by
h˜a
a = ln
R˜a
l˜p
, a = 1, . . . , 10, A˜ = ln g˜s (2.4)
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where l˜p is the ten dimensional Planck scale of the IIA theory. Comparing the low energy
action with that calculated from string scattering allows us to identify the string scale ls
by (l˜p)
8 = g˜2s(l˜s)
8 and g˜s in equation (2.4) with the string coupling constant in the usual
way.
The last relation in equation (2.2) implies that
(g˜s)
2 =
(
R11
lp
)3
(2.5)
Since the eleven dimensional theory after reduction on a circle coincides with the IIA
theory we may take R˜a = Ra, a = 1, . . . , 10 and then we find that(
lp
l˜p
)12
= g˜s or l
3
p = (l˜s)
3g˜s. (2.6)
The first relation in the above equation together with equation (2.5) implies that R11
l9p
= 1
l˜8p
.
Equations (2.5) and (2.6) are the known relations between the IIA theory and the so called
eleven dimensional M theory. They encouraged the idea that eleven dimensional M theory
is the strong coupling limit of the IIA string theory [10,11].
2.2 The correspondence between the eleven dimensional and IIB theories
We now find the analogous relations between the fields, which are associated with
their Cartan sub-algebra, of the the eleven dimensional and IIB theories. Equating the
eleven dimensional and IIB group elements of equation (1.6) and equation (1.14) we find
that
g = gˆ or exp(
11∑
a=1
ha
aKaa) = exp(
10∑
a=1
hˆa
aKˆaa) exp(AˆRˆ) (2.7)
which using the identifications of equations (1.17) implies that
ha
a = hˆa
a +
1
3
hˆ10
10, h10
10 = −
2
3
hˆ10
10 −
1
2
Aˆ, h11
11 = −
2
3
hˆ10
10 +
1
2
Aˆ (2.8)
These relations hold without compactifications, but for a torus compactification it is ap-
propriate to adopt the variables
hˆa
a = ln
Rˆa
lˆp
, a = 1, . . . , 10, Aˆ = ln gˆs (2.9)
where lˆp is the Planck length in the IIB theory and gˆs its string coupling. Introducing the
IIB string scale by (lˆp)
8 = gˆ2s(lˆs)
8 the relations given in equation (2.8) become
lˆ4s gˆs
l3p
= Rˆ10,
R610
l6p
=
lˆ4s
Rˆ410gˆ
2
s
,
R611
l6p
=
lˆ4s gˆ
4
s
Rˆ410
(2.10)
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respectively. These are equivalent to the more familiar relations
gˆs =
R11
R10
, lˆ2s =
l3p
R11
, Rˆ10 =
l3p
R10R11
(2.11)
which relate the eleven dimensional theory reduced on rectangular torus with radii R10
and R11 to the IIB theory reduced on a circle of radius Rˆ10 [9,12,13].
As explained in reference [7], there is a one to one map between all the fields of the
IIB and the eleven dimensional non-linearly realised theories and not just those associated
with the Cartan sub-algebra. We close this section by giving a simple illustration of how
this map works for a field outside the Cartan sub-algebra. Equations (1.9) and (1.16) state
that E10 = K
10
11 = Rˆ2 and as explained at the beginning of this section this implies that
the eleven dimensional field h10
11 corresponds to the axion field χˆ of the IIB theory. We
now enlarge the fields which are non-zero by including these fields in addition to those
associated with the Cartan sub-algebra. As a result, the eleven dimensional group element
takes the form
g = exp(
11∑
a=1
ha
aKaa) exp(h10
11K1011). (2.12)
Putting only the Cartan sub-algebra elements in the first exponential will allow us to
perform the computation more easily, but it is not quite the form given in the non-linear
realisation of references [2,16] and used to find the eleven dimensional supergravity theory.
As a result, we must use the form of the vierbein that follows from the g of equation (2.12);
its non-vanishing components are given by
eµ
a = δaµ, a, µ = 1, . . . , 9, eµ
a =
(
eh10
10
eh10
10
h10
11
0 eh11
11
) a
µ
, a, µ = 10, 11 (2.13)
On the other hand, the IIB group element can be written as
gˆ = exp(
10∑
a=1
hˆa
aKˆaa) exp(χˆRˆ2) exp(AˆRˆ) = exp(
10∑
a=1
hˆa
aKˆaa) exp(AˆRˆ) exp(e
AˆχˆRˆ2) (2.14)
The first form of gˆ is the one used to construct the non-linear realisation of IIB su-
pergravity in [6] while the second form is suitable for our comparison with eleven di-
mensional group element. To change from one form to the other we used the relation
[Rˆ, Rˆ2] = −
1
2
[H10, E10] = −E10 = −Rˆ2.
Setting g = gˆ and using equations (1.17), (1.9) and (1.16) we find the same relations
of equation (2.8) as well as
eAˆχˆ = h10
11 (2.15)
Let us now suppose that the ten and eleven directions of the eleven dimensional theory
are a torus with lengths R10 and R11. To discuss the properties of the torus it is simplest
to make a rigid coordinate transformation from the coordinates xT = (x10, x11) to the
coordinates yT = (y10, y11) that diagonalises the metric in these directions. In particular,
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we will diagonalise the veirbein in the ten and eleven directions. We denoted the latter
by the matrix e which can be read off from the last relation in equation (2.13). The
transformation e→ Λe given by
Λ =
(
1 m
0 1
)
, (2.16)
where m = − e10
11
e1111
, has the desired result. The new veirbein has the same diagonal
components as the old one. Using equation (2.13) we find that m = −h10
11exp(h10
10 −
h11
11). In the diagonal coordinates y we take the cycles of the torus to be given by
y11 = u, y10 = 0; 0 ≤ u < 1 and y10 = v, y11 = 0; 0 ≤ v < 1. The coordinate and
parameterisation invariant length of the first cycle is
∫ 1
0
e11
11 dy
11
du
du = e11
11 = R11 and
similarly with the invariant length of the second cycle is given by e10
10 = R10. Hence, we
still have the relation R11
R10
= exp(Aˆ) = gˆs of equation (2.11).
In terms of the original x coordinates which are related by x = ΛT y the cycles of the
torus are x10 = 0, x11 = u; 0 ≤ u < 1 and x10 = v, x11 = mv; 0 ≤ v < 1. If we define
the complex coordinate z = x11 − ix10 then the periods corresponding to the first and
second cycles are z → z = 1 and z → z + τ respectively where τ = τ1 + iτ2 with τ1 = 1
and τ2 = −m. Hence, the modulus parameter of the torus is given by
τ1
τ2
= m = χˆ (2.17)
This agrees with the identification of references [12] and [13] after one takes into account
that one must make the field redefinition χˆ → exp(−Aˆ)χˆ to find the χˆ of [6] from that
of [12] in order to gain agreement between the field equations of the two references. By a
judicious choice of coordinates we can, as in [12], arrange for τ2 to be exp(−Aˆ), but the
physically relevant quantity τ1
τ2
remains the same.
3. Weyl transformations in the IIB and IIA theories
The Weyl reflection Sa corresponding to the simple root αa on any weight β is given
by Saβ = β − 2
(β,αa)
(αa,αa)
αa. For the simple roots this becomes
Saαb = αb − 2
(αb, αa)
(αa, αa)
αa = (sa)b
cαc (3.1)
The action of the Weyl transformation Sa on the Cartan sub-algebra of a Kac-Moody
algebra is given by
H ′b = SaHb = (sa)b
cHc (3.2)
Since the Weyl group acts on Cartan sub-algebra generators to give Cartan sub-algebra
generators it makes sense to consider their action on elements restricted to be of the form
of equation (1.6). Writing the group element in matrix form g = exp(qTH), we conclude
that the Weyl group acts on the fields q as q′T = qT s, or q′ = sT q as s2 = I. Clearly, these
transformations hold for the eleven dimensional theory and the IIA and IIB theories.
To find the physical effects of the Weyl transformations we need to find their action
on the physical variables ha
a and also the dilaton field, for the cases of the IIA and IIB
10
theories, However, the relationship between the Chevalley generators Ha and the physical
generators depends upon which theory we are considering and so the effect of the Weyl
transformations on the physical generators and fields is different for each theory. Using
matrix notation, in the eleven dimensional theory we may write H = ρK and then the
effect of the Weyl transformation is SaK = K
′ = ρ−1saρK = raK and so the physical
fields h transform as h′ = rTa h. However, for the IIB theory, H = ρˆKˆ and so we have the
equations
SaKˆ = Kˆ
′ = ρˆ−1saρˆKˆ = rˆaKˆ, and hˆ
′ = rˆTa hˆ (3.3)
The equation for IIA being found by replacingˆ’s by˜’s. Using equations (2.3), (2.4) and
(2.9) the effects of the Weyl transformations can then be readily deduced on the radii of
any compactified directions and the appropriate length scales and coupling constants.
This calculation was carried out in reference [15] for the eleven dimensional theory
and we briefly summarize the result. The Weyl transformations Sa, a = 1, . . . , 10 implied
that Ra ↔ Ra+1, lp → lp. However, S11 induces the transformations ha
′a = ha
a+ 13 (h9
9+
h10
10 + h11
11), a = 1, . . . , 8 and ha
′a = ha
a − 2
3
(h9
9 + h10
10 + h11
11), a = 9, 10, 11 which
in turn implies that
R′9 =
l3p
R10R11
, R′10 =
l3p
R11R9
, R′11 =
l3p
R9R10
,
(
l′p
)3
=
l6p
R9R10R11
(3.4)
For the IIB theory, the Weyl transformations Sa, a = 1, . . . , 8 correspond Kˆ
a
a ↔
Kˆa+1a+1, for a = 1, . . . , 8 as well as Rˆ→ Rˆ. The effect on the variables of equation (2.9)
is Rˆa ↔ Rˆa+1 for a = 1, . . . , 7 as well as gˆs → gˆs. The Weyl transformation S11 leaves
Rˆ and all the Kˆaa inert except for Kˆ
9
9 ↔ Kˆ
10
10. The effect is to take Rˆ9 ↔ Rˆ10 with
all other variables being inert. This is consistent with the node labeled eleven being the
last on the gravity line of the IIB theory and one finds that all the Weyl transformations
corresponding to all points on the gravity line just exchanges the corresponding radii.
The Weyl transformation S10 acts on the Cartan sub-algebra as H
′
10 = −H10, H
′
9 =
H9 +H10 all other elements being inert. Using equation (1.15) we find that these trans-
formations imply that
Rˆ′ = −Rˆ, Kˆ ′aa = Kˆ
a
a (3.5)
Using equations (2.9) and (3.3), the effect on the physical variables is given by
Aˆ′ = −Aˆ, h′a
a = ha
a (3.6)
Which in turn implies that
gˆ′s =
1ˆ
gˆs
, Rˆ′a = Rˆa, a = 1, . . . , 10, lˆ
′2
s = gˆslˆ
2
s . (3.7)
This is just the non-perturbative S-duality transformations of the IIB theory which holds
if the theory is compactified or not. This is to be expected as the node labeled ten just
leads to an SL(2,R) transformation of the supergravity theory. We note that in the eleven
11
dimensional theory, node eleven is the last node in the gravity line of this theory and the
corresponding Weyl transformation swops the eleventh and tenth coordinates.
Finally, we consider the Weyl transformation S9 which induces the transformations
H ′9 = −H9, H
′
10 = H9 + H10, H
′
8 = H8 + H9 with all other elements of the Cartan
sub-algebra being inert. The transformation on the physical generators is given by
Kˆ ′aa = Kˆ
a
a, a = 1, . . . , 8, Kˆ
′a
a = Kˆ
a
a+
1
4
(Kˆ11+. . .+Kˆ
8
8)−
3
4
(Kˆ99+. . .+Kˆ
10
10)−Rˆ, a = 9, 10,
Rˆ′ = Rˆ+
1
8
(Kˆ11 + . . .+ Kˆ
8
8)−
3
8
(Kˆ99 + . . .+ Kˆ
10
10)−
1
2
Rˆ (3.8)
The corresponding effect on the fields of the IIB theory is
hˆ′a
a = hˆa
a +
1
4
(hˆ9
9 + hˆ10
10 +
1
2
Aˆ), a = 1 . . . , 8
hˆ′a
a = hˆa
a −
3
4
(hˆ9
9 + hˆ10
10 +
1
2
Aˆ), a = 9, 10, Aˆ′ = Aˆ− (hˆ9
9 + hˆ10
10 +
1
2
Aˆ) (3.9)
As a result the variables of equation (2.9) transform as
Rˆ′a = Rˆa, a = 1, . . . , 8,
Rˆ′a
Rˆa
=
lˆ2s
Rˆ9Rˆ10
, a = 9, 10,
gˆ′s
gˆs
=
lˆ2s
Rˆ9Rˆ10
(3.10)
and lˆ′s = lˆs. We recognise this as a double T duality seen from the IIB viewpoint.
We now briefly discuss the effect on the Weyl transformations of E+++8 for the IIA
theory. The Weyl transformations Sa, a = 1, . . . , 9 takes K
a
a ↔ K
a+1
a+1 and so Ra ↔
Ra+1. The Weyl transformation S11 leads to the double T duality
R′a = Ra, a = 1, . . . , 8; R˜
′
9 =
l˜2s
R˜10
; R˜′10 =
l˜2s
R˜9
; g˜′s =
g˜sl˜
2
s
R˜9R˜10
; l˜′s = l˜s (3.11)
Finally, the Weyl transformation S10 induces the changes
h˜′a
a = h˜a
a +
1
8
h˜10
10 +
3
32
A˜, a = 1 . . . , 9
h˜′10
10 = h˜10
10 −
7
8
h˜10
10 +
21
32
A˜, a = 9, 10, A˜′ = A˜+
3
2
h˜10
10 −
9
8
A˜ (3.12)
which leads to
R′a = Ra, a = 1, . . . , 9; R˜
′
10 = l˜sg˜s; g˜
′2
s =
(
R˜10
l˜s
)3
1
g˜s
;
(
l˜′s
l˜s
)2
=
l˜sg˜s
R˜10
(3.13)
Clearly, this is a non-perturbative relation which is in some sense the IIA analogue of the
SL(2,Z) symmetry of the IIB theory.
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3. Discussion
One could use the same techniques as used in this paper to identify the relations
between other G+++ non-linearly realised theories where there is a choice of gravity sub-
algebra.
The eleven dimensional, IIA and IIB theories are all expected to possess a non-linearly
realised E+++8 symmetry [2,6]. Although, their differences arise from the way their gravity
sub-algebras are embedded, their common symmetry allows one to establish a one to one
correspondence between the fields of these theories [7]. In this paper, we have found the
simplest consequences of this correspondence which are those for the fields associated with
the Cartan sub-algebra of E+++8 . We have recover the known relations [8,9,10,11] between
the three theories. We also gave one example of the correspondence for a field outside the
Cartan sub-algebra and recovered the fact [12,13] that the axion field of the IIB theory
dimensionally reduced on a circle can be identified with the modulus of the two dimensional
torus used to dimensionally reduce the eleven dimensional theory.
The correspondence between the three theories resulting from their common E+++8
symmetry implies many more results, such as the eleven dimensional origin of the massive
IIA theory and the IIB space-filling brane [7]. However, the purpose of this paper is to
demonstrate that the underlying E+++8 symmetry can be used to find results central to
string theory in a very simple way.
As we noted above, the identifications of the fields of the three theories should hold
even if one does not perform a dimensional reduction. In this case one is the fields which
depend on the generalised coordinates [17] of the theory and, as explained in reference
[7], one must then also swop the generalised coordinates of the theory. However, these
includes central charge coordinates as well as the usual coordinates of space-time and their
interchange will have far reaching effects on the theory.
We also computed the effect of the Weyl transformations of the IIA and IIB E+++8
theories on the diagonal components of the metric and dilaton to recover the expected U-
duality symmetries of these theories. It would be interesting to compare these results with
the different perturbative sub-algebras of the E+++8 algebra for the IIA and IIB theories
found in [20].
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